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In recent years, a growing momentum has been gained by the emergent gravity framework. Within 
the latter, the very concepts of geometry and gravitational interaction are not seen as elementary as- 
pects of Nature but rather as collective phenomena associated to the dynamics of more fundamental 
objects. In this paper we want to further explore this possibility by proposing a model of emergent 
Lorentzian signature and scalar gravity. Assuming that the dynamics of the fundamental objects 
can give rise in first place to a Riemannian manifold and a set of scalar fields we show how time 
(in the sense of hyperbolic equations) can emerge as a property of perturbations dynamics around 
some specific class of solutions of the field equations. Moreover, we show that these perturbations 
can give rise to a spin-0 gravity via a suitable redefinition of the fields that identifies the relevant 
degrees of freedom. In particular, we find that our model gives rise to Nordstrom gravity. Since this 
theory is invariant under general coordinate transformations, this also shows how diffeomorphism 
invariance (albeit of a weaker form than the one of general relativity) can emerge from much simpler 
D ■ systems. 
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I. INTRODUCTION 
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In spite of being the first force of Nature to be understood in physical terms, gravity is somehow still a riddle for 
, physicists. Not only it keeps evading a full quantum description as well as any form of unification with the other 
■ interactions, it also puzzles us with profound questions and unexpected features. We will not attempt here to present a 
0^ \ complete list of these startling aspects of gravitation theory, but we can recall, for example, the surprising connection 
between gravity and thermodynamics associated to black hole physics 0, H, Q as well as the deep questions associated 
to the nature of inertia and time 0, [H, Q . 

In recent years, a new approach to these old problems has been gaining momentum and many authors have been 
advancing the idea that gravity could all in all be an intrinsically classic/large scale phenomenon similar to a condensed 
matter state made of many atoms Q • In this sense gravity would not be a fundamental interaction but rather a large 
scale/numbers effect, something emergent from a quite different dynamics of some elementary quantum objects. In 
this sense, many examples can be brought up, starting from the causal set proposal [8|, passing to group field theory 
@ or the recent quantum graphity models [l(| and other approaches (see e.g. 11 1). 



All these models and many others share a common scheme: they consider a fundamental theory which is not 
General Relativity and examine, using different techniques often borrowed from condensed matter physics, how space, 
time and their dynamics could emerge in some regime. In this sense a leading inspirational role also been played by 
another stream of research which goes under the name of "analogue models of gravity" fl2j . These are condensed 
matter systems which have provided toy models showing how at least the concept of a pseudo-Riemannian metric and 
Lorentz invariance of matter equations of motion can be emergent. For example, non-relativistic systems which admit 
some hydrodynamics description can be shown to have perturbations (phonons) whose propagation is described, at 
low energies, by hyperbolic wave equations on an effective Lorentzian geometry [Tig . While these models have not 
provided so far also an analogy of emergent gravitational dynamics equations they do have provided a new stream 
of ideas about many other pressing problems in gravitation theory (see for example recent works on the origin of the 
cosmological constant in emergent gravity [Hj]). 

In this paper we shall try to further advance in the direction of a consistent emergent gravity picture by proposing 
a toy model that will show some of the salient features that would be desirable to see in an eventual full theory of 
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emergent gravity. In particular we shall focus here on the possible dynamical origin of time 1 (in the sense of pseudo- 
Riemannian signature of the metric) as well as of another crucial aspect of gravitation theory, i.e. diffcomorphism 
invariance (see however the discussion in the conclusion). It is perhaps important to stress here, that a Lorentzian 
signature has been considered by some authors as a necessary, but not sufficient, condition for the emergence of time. 
This is because these authors associate to the latter not just a special signature, but also to a dimension with a 
univocal direction (arrow of time) , which is of course much less easy to rigorously characterize [HI . Missing a general 
agreement on this issue, we will stick here to the more technical language of Lorentzian signature, although we think 
that this feature is the very essence of the nature of time. 

In building up our model we shall make the conjecture that the dynamics of some elementary quantum objects 
(what one could call the "atoms of spacetime") is such to produce, in some semi-classical or large number limit 
(hydrodynamic limit, or condensation...), a Riemannian manifold (essentially R 4 equipped with the trivial metric 
Sfj, v ), a set of scalar fields "J;, and their Lagrangian C Hence we do not assume a priori any notion of time. Instead we 
shall consider, largely following the intuition gained from condensed matter analogues of gravity, the possibility that 
Lorentzian dynamics can emerge as a property of the equations associated to perturbations around some solutions 
of the equations of motion. These perturbations will be associated to the emergent gravity and matter degrees of 
freedom which will characterize our gravitational dynamics. 

The plan of the paper will be the following. In the first section, we shall look for a specific Lagrangian so that 
the perturbations around some solutions of the equations of motion will see an effective pseudo-Riemannian metric, 
even though the fundamental theory is Euclidean. In other words, we shall be looking for specific properties of the 
Lagrangian so that time can emerge. 

In the second section, we shall consider the perturbations around a specific solution of the equations of motion 
(e.g. such that these perturbations propagate on Minkowski spacetime), and identify among them the degrees of 
freedom corresponding to matter and to gravity. More precisely, we shall show how the equations of motion for the 
perturbations can be reinterpreted as the Einstein-Fokker equations of motion. These latter are historically the first 
equations of motion for a relativistic theory of gravity, written in a diffeomorphism invariant way. They describe 
a relativistic scalar gravity theory known as Nordstrom gravity. Our construction identifies therefore a possible 
mechanism to obtain diffcomorphisms invariant equations of motion for gravity, in an emergent framework. 



II. TIME EMERGENCE 



As explained in the Introduction, we consider that the fundamental unknown theory gives rise in some large 
number limit to simple structures such as R 4 equipped with the Euclidean metric 8^ v , and a set of scalar fields 
^>i(x )Jl ), i = 1, N (x^ G R 4 ) with their Euclidean Lagrangian C. Since we do not know this fundamental theory, we 
choose such Lagrangian to be of the simple shape 2 

C = F(X U ...,X N ). (1) 

with Xi — 5^ id u ^ i. It is easy to see that this Lagrangian is invariant under the Euclidean group 15*0(4). The 
equations of motion are then simply for a given field \f> \ 
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(2) 



Let us now consider a specific solution of the above equations of motion, ipi and perturbations ifi around it. For 
= ipi + fij the kinematic term Xi becomes then 



Xi 



Xi + SXi 



with Xi = d^dpipidvipi and SX t = 2d fJ ,ip i d ,l (pi + d^d^ipi 



(3) 



We intend now to identify some specific F such that the Lagrangian for the perturbations ifi is invariant under the 
Poincare group IS '0(3, 1). To determine the Lagrangian for the perturbations ifi, we expand ([T]) using (J3J). 
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1 For early, alternative work in this direction see also [l4| and references therein. 

2 We could also consider a dependence on crossed terms of the kind h^d^idv^j, however this is not changing the final result. 
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The first term F(Xi, ..,Xjv) is the Lagrangian for the classical solution ipi. The second term, the one linear in 5Xj, 
contains a term linear in d^ipi, which is zero on shell. We can also identify the quadratic contribution for d^ipi-dvipk' 



for k ^ I, d^ifkd^i I 2 



for k = I, d^kdv^fk 



8 2 F 



dXkdXi 
dF 
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dXk 
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(5) 
(6) 



The contribution ([5]) introduces some mixing between fields in the kinematic term. To simplify the analysis, we 



demand that they cancel, which puts a constraint on the choice of F, i.e. 
is then 
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ax k ox t 



= 0, if k ^ I. A specific solution 



F(X U ..,X N ) = f 1 {X 1 ) + ... + f N {X N ). 
We can identify in © the effective or emergent metrics 3 for each field ipk, (taking into account Q) 
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Since a priori fi ^ fj and ipi ^ ipj if i =^ j, we are dealing with a multi- metric structure: each field sees its own metric. 
However, we can enforce a mono-metric structure by constraining the solution ipk and the derivatives of fk at Xk to 
be independent of k 



fk = f, ipk = i>, Vfc. 



(9) 



So far we have just shown that the perturbations around a solution of the field equations on a Riemannian manifold 
can propagate, for suitably chosen Lagrangians, on an effective geometry which is not the fundamental one, 8^ Vl but 
rather a rank 2 tensor constructed from it and partial derivatives of the chosen background solution. Note that, in 
order for this to be possible, it was crucial to have a starting Lagrangian with non-canonical kinetic terms as it can be 
clearly evinced by the second contribution to the metrics in equation (|8|). As a next step, we show now how for some 
solutions of the equations of motion, such effective metric can be of pseudo-Riemannian form. In fact, we can even 
ask that the metric ([8]) is the Minkowski metric rj^ v . This will put some constraints on the derivative of /, evaluated 
at X = d^ipd^ip. 

In order to do so, we shall need to specify a particular solution, ip, of the equations of motion. Let us take it to 
be an affine function of the coordinates, ip = a^x^ + (3. It is easy to check that this is indeed a solution of our field 
equations (f2|). Moreover, thanks to the 50(4) symmetry, we can always make a rotation such that 



ip = axo + (3. 



(10) 



The choice of the coordinate xo is completely arbitrary, what only matters is that there is one coordinate which is 
pinpointed. Finally, we ask for the metric to have the signature (— , +, +, +). This puts some constraint on the value 
of the derivatives of / 



which using (|10[) imply 
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Actually, we show here the inverse metrics from which the actual metrics can be derived once invertibily conditions are imposed. In our 
case of interest, this will always be true. 
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Note that, due to the choice of a solution of the form (fT0|) , the conditions (fTTj) are not only implying a pseudo- 
Riemannian signature but also the constancy of the metric components, which hence can be easily rescaled so to take 
the familiar Minkowskian form diag(— 1, +1, +1, +1). 

Of course, there are many possible choices of f(X) and a which can fulfill the above requirements. For example, 
we can pick up the specific combination 



However, in what follows we should not make use of any particular form of ,f(X) and a and simply assume that they 
are such that (fT!?]) are satisfied. 

To summarize, since g£ = if™ , Vfc, the (free) perturbations tfi are propagating on a Minkowski space, even though 
the fundamental theory is Euclidean (c.f. |T])). At this point few remarks are in order. 

So far, our theory does not posses any fundamental speed scale. This is natural since the fundamental theory 
is Euclidean. At this level, there is no coordinate with time dimension and therefore one cannot define a constant 
with speed dimension. The invariant speed c, which will relate the length xo to an actual time parameter t, could 
be determined experimentally by first introducing a coordinate with time dimension (as it would be natural to do 
given the hyperbolic form of the equations of motion for the perturbations) and then by defining c as the signal speed 
associated to light cones in the effective spacetime 4 . 

Second, a comment is due about our choice of the background solution around which we have considered the 
dynamics for perturbations. It is obvious that within our model this choice is arbitrary. It simply shows that there 
are some background solutions ip for which a pseudo-Riemannian metric can emerge. Obviously, different background 
solutions could lead to alternative metrics, e.g. one could also obtain the Euclidean metric 5^ (for example if ip 
is constant), a degenerate metric or more complicated structures according to the possible solutions ip. While it is 
conceivable that in a more complicate model we could have some mechanism for selecting the specific background 
solution that leads to an emergent Lorentzian signature, it is not obvious at all that such a feature should be built in 
the emergent theory. In fact, one generally minimizes an energy functional to select the ground state of the theory. 
However, when looking at Lorentzian signature emergence starting from an Euclidean set up as in our model, there 
is no initial notion of time and hence no energy functional to minimize. It is therefore unclear how a ground state 
could be selected from within the emergent system. 

On the other hand, it is also conceivable that the actual background solution in which the initial system of fields (p} 
emerges from the fundamental (pre-manifold) theory, can be depending on the conditions for which the "condensation" 
of the fundamental objects takes place. In this sense, the right ground state or background solution would be selected 
from minimizing some functional defined at the level of the atoms of space-time. To use an analogy, the same 
fundamental constituents, e.g. carbon atoms, can form very different materials, diamond or graphite, depending on 
the external conditions during the process of formation. Similarly, in a Bose-Einstein condensation the characteristics 
of the background solution (the classical wave function of the condensate), such as density and phase, are determined 
by physical elements (like the shape of the EM trap or the number and kind of atoms involved) which pre-exist the 
formation of the condensate. 

In conclusion, we have identified the fundamental Lagrangian so that the perturbations ipi have a kinematic term 
determined by the Minkowski metric. 



In this sense, we have a toy-model for the emergence of the Poincare symmetries. This construction can be seen 
as a generalization of the typical situation in analogue models of gravity [12] where one has Poincare symmetries 
emerging from fundamental Galilean symmetries [12} . However, let us stress that in our case no preferred system 
of reference is present in the underling field theory given that the fundamental Lagrangian is endowed with a full 
Euclidean group ISO(A). Moreover, the emergence of a pseudo-Riemannian metric is in our model free of the usual 
problems encountered in the context of continuous signature change (e.g. degenerate metrics) 5 given that the former 



4 Noticeably, a similar situation is encountered in the von Ignatowsky derivation of Special Relativity [l6| where, given a list of simple 
axioms, one derives the existence of a universal speed, observer independent, which is not fixed a priori to be the speed of light but has 
to be identified via actual experiments. 

5 Bose-Einstein condensate analogue models of signature change events have indeed been considered in the literature together with the 
associated particle production (see e.g. [l7l and references therein). These works are rather different from the one presented here as in 
that context the fundamental Lagrangian is non-relativistic and simply the emergent metric for the perturbations can have Lorentzian 
or Riemannian signature depending on the experimental possibility of changing at will the sign of the atomic interaction. 



f(X) = -X 2 + X, 




(13) 




(14) 
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arises as a feature of the dynamics of perturbations around some solution of the equations of motion. Similarly one 
can see that the invariance under Lorentz transformations is only an approximate property of the field equations (as 
usual for emergent systems), valid up to some order in perturbation theory. In particular, if we analyze the third 
order contribution in ([¥]) we get 6 

_(a Q ^5 /3 ^a 7 7/ ) ) ) . (15) 

x J 

This contribution is clearly not Lorentz invariant if the solution ip pinpoints a specific direction, as for example when 
the Minkowski metric is emergent. As a matter of fact our theory will show aether like effects beyond second order. 

So far, we have hence generalized and extended results familiar to the analogue gravity community. However, as 
said, a typical drawback of analogue gravity models is related to the fact that they show only the emergence of a 
background Lorcntzian geometry while they are unable to reproduce a geometrodynamics of any sort. In what follows, 
we shall show that our model overcomes this drawback and indeed is able to describe the emergence of a theory for 
scalar gravity. This theory will come out to be the only known other theory of gravitation, apart from General 
Relativity, which satisfy the strong equivalence principle [18|], i-e. Nordstrom gravity (for details see the Appendix). 



x 



6 {dX k f 



III. EMERGENCE OF NORDSTROM GRAVITY 



In this section, we describe how we can recover a relativistic scalar gravity theory from a Lagrangian of the type 
([T|), when ground state is such that the perturbations are living (at the lowest order in perturbation theory) in a 
Minkowski spacetime. So, let us start from the truncated Lagrangian for the perturbations (|14[) that we obtained in 
the previous section. This Lagrangian can simply be rewritten in terms of the (real) multiplet tp = (tpi, <p>n) as 

£ eS ( ! p)=r,> MU (d^) T (d v( p). (16) 

This system has a global O(N) symmetry which has emerged as well from the initial Lagrangian (jTJ) . It is hence quite 
natural to rewrite the multiplet ip by introducing an amplitude characterized by a scalar field ^(x) and a multiplet 
fax) with N components such that 



/ 



= * I , with |0| 2 ^ (17) 

\<PN ) \4>N / 1 

I is an arbitrary length parameter to keep the dimension right. In particular, $ is dimensionless and <fi has the 
dimension of a length. <E> is the field invariant under O(N) transformations, whereas cf> does transform under O(N). 
As we shall see, this field redefinition will provide us the means to identify gravity and matter degrees of freedom. 
The Lagrangian for the perturbations (|16[) reads now as 8 

c<b(<pi, ...<p N ) c eS ($, fa, ...<M = i 2 7f u d^d v ^ + ]T aVa^^ + MH 2 - ^ 2 ), (is) 

i 

where A is a Lagrange multiplier. We recognize in particular the action for a non-linear sigma model given in terms 
of the fields fa. The associated equations of motion are 

rTiPd^* d ^i 9 M = 0. ( 19 ) 

i 

rTpd^dufo + ^d^fa + ^fad v faV k fa) - 0, (20) 

\4>\ 2 -l 2 = {). (21) 
If we introduce the (conformally flat) metric 

g„u(x) = 4 2 (z)v ( 22 ) 



6 We are in the mono-metric case, so that F(X±, ...,Xjy) = /(-Xl) + •■■ + f(Xrf)> and -0^ = ip, Vfc. 

7 Our field redefinition is the generalization of the so-called Madelung representation [l2t | . 

8 We use the normalization condition \<j>\ 2 = f 2 , which implies in particular <Pidn<t>i — 0- 
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the equations of motion (|20[) can be simply rewritten as 

W^'^W^gardytk) + ^d^dvfaP^i = n g <f>i + ^d^d^^^ = o, (23) 

where we have introduced the d'Alembertian U g for the metric g and used that \J—g — <& and g^ v = $~ 2 r)^ v . 
(Incidentally, let us note that equation (|20p can be rewritten in the form (f2"3")l using the metric redefinition (|2"2"|) only 
in four dimensions.) To be consistent, the change of variable $ — > g^ v should be completed with the constraint that 
g^ v is conformally flat, that is 

C aPl s{g) = 0, (24) 

where C a pys is the Weyl tensor. 

Eq. (|23[) suggests that the gravitational degree of freedom should be encoded in the scalar field <E>, whereas matter 
should be encoded in the We are therefore aiming at a scalar theory of gravity with actions: 



S e f[ — / dx y/^rjCcS — S'grav + Scatter, (25) 

S grav = i 2 J dx^^V^d^d^, (26) 

^natter = J d X 4 V^V ^ ' dpfoSvfc + Hl^ ~ ^ , (27) 

where we have explicitly written the volume element s/—rj = 1 so to make clear that these actions are given in flat 
spacetime. 

It is easy to see that the very same actions can be recast in the form of actions in a curved spacetime endowed with 
the metric (1221) . In particular for the matter action in (|27|) one has 

Smattcr = J dx* ^ $V^G^ + A(|0| 2 - ^ = J ^7jd X 4 ^ J™ d^dvfo + A' ( 1 1 2 - ^ , 

where we have suitably rescaled the Lagrange multiplier to A'. This allows to construct the stress-energy tensor T^ u 
for the non-linear sigma model, and its trace T with respect to the metric g: 

Finally, the above result, together with the recognition that the Ricci scalar R, associated to the metric g^ v , can be 
written as R = — QO v &/& 3 , allows us to rewrite Eq. ([IT)]) as the Einstein-Fokker equation 9 

i 

In summary, we can gather together the equations of motion (|23|) . ([24]) . (f28l) . obtained by introducing the metric 
we have 

R = |rT, C af3lS = 0. (29) 
+ id^d^d^S^^ = 0, - I 2 = 0. (30) 



We recognize the equations of motion as those for Nordstrom gravity 

R = 24ttG n T, C aMS = 0, (31) 



9 The very same equation could be derived from the action H25H if one also notices that the gravitational action {26} can be rewritten as 
well in a curved spacetime form by a simple integration by parts and the addition of a set of Lagrange multipliers implementing the 
vanishing of the Weyl tensor. 
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coupled to a non-linear sigma model. Indeed, the rewriting of (fT9|) - ([2Tj) into the form ([29]) - ([30]) . is a special case of 
the procedure suggested by Einstein and Fokker so to cast Nordstrom gravity in a geometrical form [27| ■ 




We see from the above equation that the Newton constant Gn in our model has to be proportional to l~ 2 . However, 
in identifying the exact relation between the two quantities, some care has to be given to the fact that the stress-energy 
tensors appearing respectively in equation (|29[) and equation (|3ip do not share the same dimensions. This is due to 
the fact that the fields 4>i have the dimension of a length rather than the usual one of an energy. This implies that 
in order to really compare the expressions one has to suitably rescale our fields with a dimensional factor, 2, which 
in the end would combine with I so to produce an energy, dim[£S] = energy. In particular, is easy to check that one 
has to assume 4ir£ 2 E 2 = Ep lanck in order to recover the standard value of Gn (assuming c as the observed speed of 
signals and H as the quantum of action). As a final remark, we should stress that the scale £ is completely arbitrary 
within the emergent system and in principle should be derived from the physics of the "atoms of spacetime" whose 
large N limit gives rise to ([1]). 

Accidentally, the above discussion also shows that, once the fields are suitably rescaled so to have the right dimen- 
sions, the constraint appearing in Eq. ([30|) is fixing the norm of the multiplet to be equal to the square of the Planck 
energy. This implies that the interaction terms in the aforementioned equation are indeed Planck-suppressed and 
hence negligible at low energy. This should not be a surprise, given that in the end £S is the only energy scale present 
in our model. It is conceivable that more complicate frameworks, possibly endowed with many dimensional constants, 
will introduce a hierarchy of energy scales and hence break the degeneracy between the scale of gravity and the scale 
of matter interactions. 



In the first section, we have considered fields that live in a Euclidean space, and showed that there exists a class 
of Lagrangians such that the perturbations around some classical solutions ip propagate in a Minkowski spacetime. 
In this case tp is essentially picking up a preferred direction, so that we have a spontaneous symmetry breaking of 
the Euclidean symmetry. The apparent change of signature is free of the problems usually met in signature change 
frameworks since the theory is fundamentally Euclidean. Lorentz symmetry is only approximate, and in this sense it 
is emergent. 

The main lesson we want to emphasize here is that Lorentzian signature can emerge from a fundamental Euclidean 
theory and this process can in principle be reconstructed by observers living in the emergent system. In fact, while 
from the perturbations point of view it is a priori difficult to see the fundamental Euclidean nature of the world, this 
could be guessed from the fact that some Lorentz symmetry breaking would appear at high energy (in our case in the 
form of a non-dynamical ether field). 

In the second part, using a natural field redefinition, we have identified from the perturbations tpi, a scalar field $ 
encoding gravitational degrees of freedom and a set of scalar fields 4>i (a non-linear sigma model) encoding matter. In 
this sense, gravity and matter are both emergent at the same level 10 . This approach is then rather different from the 
one of analogue models of gravity where one usually identifies the analogue of the gravitational degrees of freedom 
with the "background" fields, i.e. the condensate or the solution if> of the equations of motion. Indeed, following this 
line of thought in looking for a theory of gravitational dynamics, we would be led to require that the fundamental field 
theory |T]) must be endowed with diffeomorphisms invariance from the very start — the symmetries of the background 
are identical by construction to the ones of the fundamental theory. This would imply that one would have to obtain 
gravity from a theory which is already diffeomorphisms invariant and hence most probably with a form very close to 
some known theory of gravitation. For these reasons, we do expect that if an emergent picture is indeed appropriate 
for gravitation, then it should be of the sort presented here, with both matter and gravity emerging at the same 



In particular, this allows not only for an emergent local Lorentz invariance for the perturbations dynamics but it 
leads as well to an emergent diffeomorphisms invariance. In fact, we saw how the equations of motion (|19p and (|20[) 
could be rewritten in a completely equivalent way using a conformally flat metric (|22p . Most noticeably, they can 



10 Note that while the purely gravitational sector of Nordstrom gravity could be reproduced by a single free massless scalar field, the 
emergence of gravity and matter requires of course the introduction of several independent degrees of freedom, i.e. many fields. 

11 Of course, we cannot exclude that a full fledged theory of gravity could emerge, together with the notion of manifold, in a single step 
from the eventual semiclassical/large number limit of the fundamental objects. In this case, however, we would still have a very different 
picture from the one envisaged in analogue models of gravity. 




IV. REMARKS AND CONCLUSIONS 
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be rewritten in an evidently diffeomorphisms invariant form, from the point of view of "matter fields observers' . 
In agreement with the fact that diffeomorphisms invariance is emergent in our system, it can be noted that the 
cubic contribution (j 1 5 j) ends up breaking it at the same level it breaks Lorentz invariance. Moreover, our derivation 
obviously holds for small perturbations ifi, and hence small $, implying that in our framework one would predict 
strong deviations from the weak field limit of the theory whenever the gravitational field becomes very large. We 
think this is an intriguing aspect of this proposal which might deserve further investigation. 

Coming back to the emergence of diffeomerphism invariance, we note that Nordstrom gravity is also a nice framework 
for discussing the subtle distinction between background independence and diffeomorphisms invariance (2l| . We call 
background some geometrical degrees of freedom that are not dynamical. For example, in General Relativity the 
topology of the manifold and its dimension, or the signature of the metric, can be considered as (trivial) background 
quantities. We can therefore have some specific background structures while still having diffeomorphisms invariance. 
Nordstrom gravity is encoded in conformally flat metrics. If one considers fields which are conformally coupled to the 
metric (such as the electromagnetic field), these fields only see the metric r]^ which is of course not dynamical. The 
Minkowski metric can be see then as a background structure, this is what one may call a "prior geometry" (e.g. see 
[HI). One may hence say that diffeomorphism invariance is somewhat of a weaker form in Nordstrom gravity with 
respect the one present in general relativity. 

In particular, while the essence of diffeomorphism invariance in GR is encoded in the associated Hamiltonian 
constraints, these are not defined in the present formulation of Nordstrom gravity. Furthermore, in the most general 
implementations of Norstrom theory, quantities can be built which manifestly include the background structure r]^ 
and hence are not diffeomorphism invariant. However, within our model, the prior geometry cannot be detected 
13 . Indeed, in order to detect the Minkowski background, one should be able to propose a method to pinpoint the 
conformal factor $ 2 in the relation <7 M „ = ^ 2 r/^. However, a careful analysis shows that this is actually impossible. 
Let us elaborate on this point. If we perform a conformal transformation, x M — > x^^x), the equations of motions 
associated to (fT6|) are transforming like 

n v <pi = o n rm = o, (32) 

where ry and fj are two different Minkowski metrics related by some conformal factor X(x). Therefore, r\ and fj are 
indistinguishable, due to conformal invariance the equations of motion for ifi. Hence, what appears to be a background 
structure, namely rj^, is ambiguously defined, and the coordinates x^ in which the equations of motion for the fields 
tpi are written have no operational meaning, they are mere labels. Furthermore, this ambiguity in the definition of 
what would be called a background structure implies an ambiguity on the definition of the conformal factor relating 
the physical metric to the would-be background structure. In this sense, within this very specific implementation of 
the model which has conformal invariance, there is no Minkowski geometry as a background. There is a background 
structure, which is the conformal structure of Minkowski spacetime. This is a mild limitation of our simple toy model 
as a diffeomorphism invariant, background independent system. 

Of course, the above discussion holds only at the lowest order in the fields cfi. As previously discussed, higher 
orders in perturbation theory will produce terms like (|15p producing a breaking of the conformal symmetry and hence 
the appearance of the background structures, i.e. the Euclidean space and the d^ip which have selected the timelike 
direction. 

Finally, Nordstrom gravity is only a scalar gravity theory, which has been falsified by experiments (e.g. the theory 
does not predict the bending of light). In order to obtain a more physical theory, in particular General Relativity, 
one should surely look for more complicated emergent Lagrangians than |T]). Of course, one would in this case aim to 
obtain the emergence of a theory characterized by spin-2 gravitons (while in Nordstrom theory the graviton is just a 
scalar). This would open a door to a possible conflict with the so called Weinberg- Witten theorem However, there 
are many ways in which such a theorem can be evaded (see e.g. [HJ]) and in particular one may guess that analogue 
models inspired mechanisms like the one discussed here will generically lead to Lagrangian which show Lorentz and 
diffeomorphism invariance only as approximate symmetries for the lowest order in the perturbative expansion. 

It is unclear which sort of generalization may still lead to some viable gravitational theory from the perturbations 
dynamics. For example, the simple addition of a potential will in general prevent the selection of a preferred direction, 
except in regions where the potential is almost flat. Moreover, it would also spoil the metric interpretation of the 
theory. For example, the terms \(p\ n for n > 1 and 7^ 4 cannot be rewritten as an interaction between the matter 
field fields 4> living on the conformal metric <j> 2 7y Ai [ / , when using the change of variables (II7|) (although it is interesting 



Following the standard hole argument (see e.g. |20l0 . this also implies that the coordinates x^, used to parameterized our theory, do 
not have any physical meaning from the point of view of the <j>i "matter observers" . They are merely parameters. 
We want to thank S. Sonego for discussions on this point. 
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to note that a \ip\ 4 term would give Nordstrom gravity with a cosmological constant). However, this "rigidity" of 
the model is most probably due to its simplicity: considering a more complex emergent field theory with fields such 
as spinors or tensors could possibly allow to have a preferred direction pinpointed while giving rise to more physical 
Lagrangians for the perturbations. We see this as a possible development of the research presented in this work. 

APPENDIX A: NORDSTROM GRAVITY 

Nordstrom gravity was a key step in the search for a relativistic theory of gravity 0, [25, 26] . It is a scalar gravity 
theory which is a natural generalization of Newtonian gravity. Indeed after the inception of Special Relativity in 
1905, it was quickly realized that a relativistic theory for gravity was needed. The naive extension consisted into 
generalizing the Poisson equation to a relativistic equation, 

A$ = p -> □$ = p, 

but some ambiguities both for the Newton equation (the dynamics of matter in a gravitational field) and for the 
(relativistic) source for gravity, arose. In particular, this theory was not accounting for the characteristic non-linear 
behaviour of gravity which should be expected by the special relativistic equivalence of energy and mass. 

After several attempts 14 , Nordstrom managed to propose an improved theory using the newly introduced stress- 
energy tensor as a source for gravity 15 . Einstein and Fokker then showed that Nordstrom's theory could be encoded 
in purely geometry manner [27fl using the metric formalism. In the modern language, Nordstrom gravity (minimally 
coupled to a scalar field) can be summarized as follows 

C aPlS = 0, (Al) 
R = kT, (A2) 
(□ 9 +m 2 )0 = O, (A3) 

where T is the trace of the stress energy tensor, defined with respect to g^, for the matter field cj), R is the Ricci 
scalar for g^ v and k is proportional to the Newton constant Gn (indeed k = 24-7tGn)- 

Equation (|A1[) encodes the fact that the Weyl tensor is zero, i.e. that the metric g M „ is conformally flat and there 
is some coordinate system in which it takes the form 

g» v = $ 2 ^, (A4) 

where rj^v is the Minkowski metric. Equation (|A2j) is not the trace of the Einstein equations restricted to the conformal 
metric, due to the absence of a minus sign in front of the Ricci scalar. Equation (|A3|) is simply the equation of motion 
of the scalar field <p propagating in the metric <? M „ . 

This theory was introduced before Eddington's observation showing the bending of light. It is clear that since the 
metric is conformally flat, no bending of light can occur there, so that Nordstrom gravity is experimentally ruled out. 
Note however that a massless minimally coupled scalar field would see non trivial gravitational effects. Nordstrom 
theory predicts also an anomalous perihelion precession of Mercury, which disagrees in both sign and magnitude with 
the observed anomalous precession. 

Nordstrom gravity is interesting as it shares many aspects of General Relativity, such as diffeomorphisms invariance 
and the strong equivalence principle (l8| . It is also an example of the subtle distinction between diffeomorphisms 
invariant theories and background invariant theories as we discussed in the Discussion section. In general, scalar 
gravities have attracted much attention due to their simplicity and similitude with General Relativity (see e.g. (28| 
which also contains a complete list of references for scalar gravity theories). 
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14 See [2511 for all references and some very interesting historical summary of the different steps that prepared the advent of General 
Relativity. 

15 In Nordstrom's (second) formulation, the relativistic alter-ego of the Poisson equation is <&□,,'!> = T„, where T,, = T liv r\ >iv and T^v 
is the matter stress-energy tensor defined with respect to the Minkowski metric. This formulation is not in accordance to the modern 
formulation encoding gravitational degrees of freedom in the metric. 
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